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Epicyclic Motion of Satellites About an Oblate Planet
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An analytic formulation is presented of a near circular orbit of a satellite about an axisymmetric potential.
The model has a simple analytic form that is capable of describing all of the gravitational perturbative effects.
Unlike more rigorous treatments, our approach has a simple geometric interpretation and greater mathematical
simplicity than conventionaldescriptions of the perturbed motion,yet is suf� ciently accurate to describe the motion
of a satellite over its lifetime. The formulation of the orbit, based on epicyclic motion, is presented, and how all of
the terms in the geopotential can be incorporated into the same formulation is demonstrated. Also considered are
second-order effects arising from the J2 term, which provides suf� cient accuracy in the modeling for most satellite
applications. Some simulation results are presented to establish the accuracy of the predictive model over time.

I. Introduction

T HE effectsof a nonsphericalEarth on the orbitsof satelliteshas
been studied for around 40 years. Extensive analysis has been

made showing the principallong-termeffects that cause the orbitsof
satellites to evolve slowly in time. The standard approaches to this
problem are based on expressing the evolution of the satellite orbits
in terms of instantaneous Keplerian orbital elements or osculating
elements. The evolution equations expressed in this form were at-
tributed to Gauss in the study of perturbative effects in planetary
motion. When the perturbing forces are conservative, as with grav-
itational perturbations, then the forces can be expressed in terms of
the gradientsof a disturbing function, expressed as a functionof the
osculating elements.

In 1959, Kozai1 and Brouwer2 produced analytic solutions of
the perturbed orbital elements of a satellite. Kozai’s1 solutions in-
cluded short-periodic variations up to � rst order in the perturbing
forces and secular variations up to second order. In his paper, the
disturbing potential was restricted to axially symmetric terms be-
cause these produce the more signi� cant effects on the orbit. His
solutions, however, had singularities for either small eccentricity
or small inclination orbits. He later reformulated his solutions to
overcome the problem for small eccentricity.3

Kozai1 introduced the modi� ed equinoctial coordinates e(cos x ,
e sin x , and the argument of latitude M + x , to replace e, x , and M)
andderivedtheperturbationin termsof theseorbitalelements.In this
way hewas able to removeterms thathada small divisorof e. Kozai’s
approach was investigated further by Cook,4 who showed that the
zonal disturbing function can be written in a convenientmanner by
neglecting the short-periodic terms and expanding Kozai’s solution
in e cos x and e sin x up to an arbitrary odd zonal harmonic order.

For the even zonal harmonics, only the dominant J2 effect was
taken into account and terms of (e2 ) are ignored. Douglas and
Ingram5 expanded the periodic variations in the elements a, i , X ,
e cos x , e sin x , and M + x up to ( J2e), whereas Izsak6 devel-
oped the small eccentricity solutions to include (J 2

2 ) terms. More
recently, further investigations have been made by Gooding,7 who
developed complete, untruncated in eccentricity, � rst-order pertur-
bation formulas via recurrence relations.

In this paper we propose a slightly different approach, based on
the early work of King-Hele.8 Our approach is to expand the co-
ordinates of the satellite in an Earth-centered inertial frame, for
small eccentricity. The motivation for this study is the realization
that a large number of communication and remote sensing satel-
lites are in orbits with eccentricities of order ( J2) or smaller.
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This provides a natural ordering scheme to use for the perturbed
equations. For these orbits the mathematical description of their
complex motions can be greatly simpli� ed compared to the full
rigor of Brouwer’s approach.2 We start with the description of an
epicycle orbit in three dimensions assuming a spherical Earth. We
then show how these expressions can be slightly modi� ed to pro-
duce the full perturbed motions and to derive the effects of each
term in the Earth’s potential. Like the Brouwer approach, our de-
scription of the location of the satellite does combine position and
velocity terms. The position of the satellite is given by a redun-
dant set of four coordinates, two to describe the instantaneous or-
bital plane and two which locate the position of the satellite on
that plane. This provides a simple geometric interpretation of the
description.

For satellites orbiting about the Earth, the J2 potential is much
larger than the rest of the zonal harmonics, and this means that
second-order effects arising from J2 are as important as the effects
of J3 and J4 . In this paper, we address the question of how the
epicycle description can be extended to incorporate these second-
order J2 effects. In � rst-order theory it is immaterial whether one
uses mean or osculatingelements in the description,because differ-
ences are of order J2, and the resultingerrors will be of order J 2

2 . In
second-order theory, however, we cannot ignore such differences,
and one must be careful when handling the � rst-order terms. Our
descriptionof an orbit uses osculatingelements to de� ne the orbital
plane and polar coordinates to de� ne position on the plane, and use
is made of only one mean orbital element, the mean radius a. This
is easily de� ned in terms of orbital energy, which is conserved for
this problem.

In Sec. II we brie� y review the description of epicycle orbits
around a spherical Earth and interpret these basic descriptiveequa-
tions. In Sec. III we derive the linearized equations of motion in the
variables we have chosen and the fourth equation needed to solve
for them. We provide analytic solutions to these equations for each
term in the zonalharmonicexpansionin Sec. IV and provideexplicit
descriptions of the motion for the � rst few terms in Appendix A.

In Sec. V, we begin by considering the postepicycle problem
for Keplerian orbits. In Sec. VI, we develop a second-order theory
for the J2 term, before presenting comparisons of these analytic
formulas with accurate numerical simulations of satellite orbits.
The explicit descriptionsof the (J 2

2 ) coef� cients are summarized
in Appendix B.

In Sec. VII, we show comparisons of these analytic formulas
with accurate numerical simulations of satellite orbits, and � nally
in Sec. VIII, we present a discussion of the work presented.

II. Epicycle Description of an Orbit
Keplerian Motion

We begin by describingbrie� y the epicyclemotionof satellitesin
low-eccentricityorbits, about a sphericalEarth. We start by describ-
ing the motion on the orbital plane and then develop our redundant
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representationof the full three-dimensionalmotion. The Keplerian
equations of motion are

r̈ ¡ r Çk 2 = ¡
l

r 2
,

d

dt
(r 2 Çk ) = 0 (1)

described in some polar coordinates (r, k ), where l is the gravita-
tional parameter. The azimuthal equation integrates to provide the
angular momentum h = r 2 Çk , and the radial equation integrates to
provide the energy

= 1
2
( Çr 2 + r 2 Çk 2) ¡ l / r (2)

For circular orbits we can � nd a solution to Eqs. (1) in which r = a
and Çk = n, wherebotha andn are constantsthat satisfya3n2 = l . We
are interested in the motions of satellites in very low-eccentricity
orbits, which can be found by perturbing the preceding solution.
For this, let r = a + s and Çk = n + Ç². Ignoring second-order terms
in these small corrections, we can derive linear equations for them
from Eqs. (1):

s̈

an2
+

s

a
= 2

2s

a
+

Ç²
n

,
d

dt

2s

a
+

Ç²
n

= 0 (3)

Integrating these equations, we � nd

s = 2ad ¡ A cos(M ¡ M0 )

² = k 0 ¡ 3d M + (2A / a) sin(M ¡ M0 ) (4)

where d , M0 , A, and k 0 are all integration constants, and M = nt ,
the mean anomaly. The � rst-order correction to the orbital energy
is

= ( l / a) ¡ 1
2

+ 2s / a + Ç²/ n = ¡ ( l / 2a)(1 ¡ 2d ) (5)

In these orbital expansionswe have freedom to choose the radius
a about which we expand. If we � x this radius as the radius of a
circularorbit of the same orbital energy, then d = 0. These equations
then describe epicyclic motion. We can summarize the solution as

r = a ¡ A cos(M ¡ M0)

m = (M ¡ M0 ) + (2A /a) sin(M ¡ M0), k = m + x (6)

where m is the true anomaly and m = 0 when r reaches its minimum
value. The constant x is the argument of perigee, and A is the mag-
nitude of the radial variation and is called the epicycle amplitude.
We note that in the preceding equations the constants a and n still
satisfy a3n2 = l .

It is not dif� cult to expand this epicycle equations to three-
dimensionalKeplerian motion. This introducesthe orbital elements
of inclination I and longitude of the ascending node X , which are
both constants. When we consider three-dimensionalmotion, then
the direction of k = 0 can be de� ned. When the constant x is asso-
ciated with the argument of perigee, then k can be identi� ed as the
argument of latitude, the angle measured from the ascending node
to the satellite on the orbital plane.

In the case when I = 0, then X = 0 and the angle k is still de� ned
on the orbitalplane and is measuredfrom the positionof the satellite
at some � xed time t0 that satis� es M0 = nt0 . If the epicycleamplitude
vanishes, then x = 0 and k reduces to the true anomaly. It is not
convenient to use the true anomaly as perigee becomes unde� ned
for very small eccentricities.For an inclinedcircularorbit, it is more
useful to measure the phase from the ascendingnode, which is also
straightforward to determine onboard a satellite. This complicates
our descriptionbecause from the � rst of Eqs. (6) we have associated
M0 with perigeepassage.Letting the mean anomalyat the ascending
node be Me, then to � rst order in the epicycle amplitude, we can
express the orbit as

r = a ¡ A cos( a ¡ a P )

k = a + (2A /a)[sin( a ¡ a P ) + sin a P ]

I = I0, X = X 0, a = M ¡ Me (7)

The angle a is proportional to time and varies through 2p in
one orbit. We refer to this angle as the epicycle phase. When
a = 0, then k = 0, which is at the initial ascending node, and when
a = a P ´ M0 ¡ Me, then the satellite is at the perigee passage. The
argument of perigee is related to Me or a P through

x = a P + (2A /a) sin a P (8)

For non inclined orbits, we can set Me = M0, and hence, a is mea-
sured from perigee passage.

The representation of the location of the satellite that we have
used is redundant in that a is a measure of time, but there are four
coordinates for the satellite instead of three. We shall keep this
system because the evolution of the orbital plane and the satellite’s
location on that plane are readily expressed in these variables. We
note that this representation is a mixture of two osculating orbital
elements and two coordinates.

Perturbed Motion
Once perturbingterms are included in the geopotential, these ba-

sic equationsare generalizedto the followingform, which describes
the perturbed motion of a satellite about an axisymmetric planet. In
the rest of this paper we derive expressions for the various terms
appearing in these equations.

To describe the perturbed motion of a satellite, it becomes impor-
tant to clarify the initial conditions or coordinatesof equations. We
have de� ned the epicycle phase a by

a = nt (9)

where t = 0 when the satellite initially crosses an ascending node.
We can de� ne the values of I0 and X 0 to describe the instantaneous
orbitalplaneat k = a = 0 (or t = 0), which are osculatinginclination
and ascending node. We have chosen these values throughout our
formulations. This de� nition imposes the condition that all of the
small correctionterms on inclination,ascendingnode,and argument
of latitude due to the perturbation should vanish at a = 0. We have
de� ned our mean semimajor axis a to satisfy

´ ¡ ( l /2a) (10)

where is the total orbital energy of a satellite that is constant
under an axisymmetric potential. Note that this de� nition of mean
semimajor axis is also applied by Douglas and Ingram.5 Then the
epicycle frequencyn is de� ned through a3n2 = l . Under these def-
initions, we will show that the perturbed motion of a satellite about
an axisymmetric planet can be described by

r = a(1 + %) ¡ A cos( a ¡ a P ) + a v sin[(1 + j ) a ] + D r

I = I0 + D I , X = X 0 + " a + D X

k = (1 + j ) a + (2A / a)[sin( a ¡ a P ) + sin a P ]

¡ 2 v {1 ¡ cos[(1 + j ) a ]} + D k (11)

The secular variations are described by the quantities %, " , and j .
The � rst of these describes a constant offset in the mean orbital ra-
dius due to the extra terms in the potential.This term can be removed
completelyfrom the equationsby a suitablerede� nitionof the quan-
tity a. The secular change in the ascending node is described by " ,
which gives a linearvariationof X with time. The secular drift in the
argument of latitude is describedby j . The long-periodicvariations
in the orbit are described by v and the short-period variations are
expressed as a Fourier series through the terms D x for each of the
four coordinates. When the epicycle phase changes by 2p with the
frequency n (the anomalistic frequency), which is derived by our
de� nition of mean semimajor axis, then the argument of latitude
changes by an amount of 2p + 2 j p . The argument of latitude can
then be considered to vary with time as k » nN t where

nN = (1 + j )n (12)

is the nodal frequency.
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Let a0 be the osculating semimajor axis at an arbitrary time t ,
then the � rst-order approximationon our mean semimajor axis a in
terms of a0 is given by

¡
l

2a
= ¡

l

2a0

+
l

a0 m

Jm
R

a

m

Pm(sin I0 sin a ) (13)

from which we derive

a0 = a 1 ¡ 2
m

Jm
R

a

m

Pm (sin I0 sin a ) (14)

Hence, the osculatingmean motion n0 in terms of our mean motion
n is also expressed by

n0 = n 1 + 3
m

Jm
R

a

m

Pm(sin I0 sin a ) (15)

through a3n2 = a3
0n2

0 = l . Taking the orbital average of these oscu-
lating elements, we have

ā0 = a(1 ¡ 2 q ), n̄0 = n(1 + 3 q ) (16)

with

q =
m

%2m

2m ¡ 1
(17)

where %2m is the contribution to % in Eq. (11) by even zonal per-
turbations.Explicit expressionof %2m will be shown in Sec. IV, and
then we will � nd that the mean motion de� ned by Kozai1 has the
same expression as in Eq. (16) when J2 perturbation is considered.

The two anomalistic and nodal frequencies discussed earlier are
rewritten in terms of n̄0 by

n A = n̄0(1 ¡ 3q ), nN = n̄0(1 ¡ 3 q + j ) (18)

If we describetheanomalisticfrequencyin termsof osculatingmean
motion n0 at the initial perigee (hence, a = a P ) and the nodal fre-
quency at the initial node ( a = 0) for the J2 case, both frequencies
give the results derived by Moe and Karp9 (for anomalistic fre-
quency) and by Merson10 and Blitzer11 (for nodal frequency), if e2

and J2e terms are neglected.
In the rest of this paper, we shall derive expressions for the per-

turbative terms appearing in Eq. (11).

III. Linearized Equations of Motion
In this section we derive the linearized equations of motion de-

scribingthe motionof a satellitein threedimensionsusing the redun-
dant representation developed in the preceding section. We restrict
ourselvesto an axisymmetricmodelof the Earth becausethese terms
provide the principal perturbation sources.

Equations of Motion in New Variables
When started from sphericalpolar coordinates(r, h , } ), the equa-

tions of motion around an oblate Earth are

r̈ ¡ r( Çh 2 + sin2
h Ç} 2 ) = ¡

@V

@r

d

dt
(r 2 Çh ) ¡ r 2 sin h cos h Ç} 2 = ¡

@V

@h

d

dt
(r 2 sin2 h Ç} ) = 0 (19)

where the potential V is de� ned by

V = ¡
l

r
1 ¡

m

Jm
R

r

m

Pm (cos h ) (20)

and R is the Earth’s mean equatorial radius. Note that in this for-
mulation the coef� cient J2 is positive.

We immediately have an integral of the third equation:

Hz = r 2 sin2 h Ç} (21)

which is the z component of angular momentum and is a constant
of the motion. We can relate the position of the satellite (h , } ) to
the orbital parameters ( I, X , k ) such that

sin h cos( } ¡ X ) = cos k

sin h sin( } ¡ X ) = cos I sin k , cos h = sin I sin k (22)

We de� ne our instantaneousorbital plane ( I, X ) to contain the ve-
locity vector and the position vector. Here eJ is the vector normal
to this plane, which is given by

eJ = sin I sin X i ¡ sin I cos X j + cos I k (23)

where i, j, and k are basis vectors of an inertial Cartesian frame. We
may write the velocity vector v in terms of spherical polar compo-
nents:

v =
d(r sin h cos } )

dt
i +

d(r sin h sin } )
dt

j +
d(r cos h )

dt
k (24)

By the solving of v ¢ eJ = 0, the condition for the velocity vector to
be con� ned to the ( I, X ) plane is

Çh cos I + Ç} sin h sin I cos k = 0 (25)

If the true anomaly is m , the instantaneous angular momentum of
the satellite is r 2 Çm , and its component in the z direction is

Hz = r 2 Çm cos I (26)

Hence, equating this to Eq. (21), we get

sin2
h Ç} = cos I Çm (27)

Condition (25) then requires

sin h Çh = ¡ sin I cos k Çm (28)

If we square and add both Eqs. (27) and (28), we have

Çh 2 + sin2
h Ç} 2 = Çm 2 (29)

Other useful relations can be found by combining the time deriva-
tives of the � rst and the last of Eqs. (22) and eliminating Çk :

ÇI sin k = ÇX sin I cos k (30)

where we have used Eqs. (27) and (28). Note that this equality
can also be found from the Gauss planetary equations.12 Then by
substituting from Çh and ÇI to Çm and ÇX , the derivative of the last of
Eqs. (22) gives

Çm = Çk + ÇX cos I (31)

The middle of Eqs. (22) does not contain any further information.
If we multiply through the second of Eqs. (19) by sin h , we can

write it in the form
d

dt
(r 2 Çm sin I cos k ) + r 2 Çm 2 sin I sin k

= ¡ (1 ¡ sin2 I sin2 k )
@V

@(sin I sin k )
(32)

Using Eqs. (26) and (30), we can write this equation as

Hz
ÇI = ¡ cos2 I cos k

@V

@(sin I sin k )
(33)

For an axisymmetricpotential,the totalorbitalenergy is conserved

= 1
2 ( Çr 2 + r 2 Çm 2) + V (34)
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When Çm 2 is eliminated using Eqs. (29) and (34), � nally the � rst of
Eqs. (19) can be written as

r̈ ¡
2 ¡ Çr 2

r
= ¡

2V

r
¡

@V

@r
(35)

We can summarize all of the equations of motion as

r̈ ¡
2 ¡ Çr 2

r
¡

l

r 2
=

l

r 2
m

(m ¡ 1)Jm
R

r

m

Pm(sin I sin k )

Hz ÇI = ¡
l

r
m

Jm
R

r

m

cos2 I cos k
dPm(sin I sin k )

d(sin I sin k )

ÇX sin I cos k = ÇI sin k , Hz = r 2 Çm cos I

Çk = Çm ¡ ÇX cos I (36)

where Hz and are constants of the motion.

First-Order Linearized Equations
We seek solutionsto the equations in the neighbourhoodof circu-

lar orbits. Note that inclined circular orbits do not exist as solutions
of the perturbed equations. The deviations from circular orbits are
considered to be ( J2 ). We linearize Eqs. (36) based on the epicy-
cle description of the motion as deviations about the orbit: r = a
and k = a . Because the perturbing terms on the right-hand side of
Eqs. (36) are in the form of a sum over harmonics, the deviations
of the satellite coordinatescan also be expressed as a linear sum of
terms. We can then consider each term individually. The response
to the mth harmonic will then be

r = a + sm , I = I0 + i m

X = X 0 + om , k = a + ²m (37)

The variation in Hz can be expressed as Hz = a2n(1 + d m ) cos I0,
where

d m = 2sm / a ¡ i m tan I0 + Ç²m / n + ( Çom / n) cos I0 (38)

and must be constant. Linearizing the third of Eqs. (36) gives

Çom sin I0 = Çi m tan a (39)

When (J 2
m ) terms are ignored, the second of Eqs. (36) becomes

Çi m

n
= ¡ Jm

R

a

m

cos I0 cos a
dPm (sin I0 sin a )

d(sin I0 sin a )
(40)

and the linearized form of the � rst of Eqs. (36) is, applying our
de� nition of semimajor axis (10),

s̈m an2 + sm / a = (m ¡ 1)Jm (R / a)m Pm (sin I0 sin a ) (41)

This completes the linearizationof the equations we need to solve.
Before proceeding to solve these equations, consider the � rst-

order approximation to the total orbital energy, which should be
constant. From Eq. (34),

= ¡ l / 2a + ( l /a) 2sm /a + Ç²m / n

+ ( Çom / n) cos I0 + Jm(R /a)m Pm(sin I0 sin a ) (42)

However, using Eq. (38) we can express this in terms of d m

= ¡ l / 2a + ( l / a) d m + i m tan I0 + Jm(R /a)m Pm (sin I0 sin a )

(43)

From our de� nition of the semimajor axis, the term in the square
brackets must vanish.

IV. Solving the Linearized Equations
In this section,we shall solveEqs. (38–41) ignoring (J 2

m ) terms
as well as (Jm e) and (Jm Jl ) coupling terms. We shall treat the
even and odd zonal perturbations separately. It will be convenient
to introduce the following notations:

x 0 =
dx

da
=

dx

dt
dt

d a
=

Çx
n

, Am = Jm
R

a

m

, e =
A

a
(44)

where e is the normalized, dimensionless, epicycle amplitude or
conventionallyeccentricity.

Solution for the Even Zonal Harmonics
If m is even, then replacing m by 2m and integrating Eq. (40)

gives

i 2m = ¡ A2m cot I0[P2m (sin I0 sin a ) ¡ P2m (0)] (45)

The integrationconstant is determinedto satisfy i 2m = 0 when a = 0
following our de� nition of I0. When the solution for i 2m is used in
Eq. (43), is constant as expected. Also d 2m is constant and can be
chosen to be

d 2m = ¡ A2m P2m (0) (46)

to satisfy our de� nition of mean semimajor axis. When the addition
theoremfor the Legendre function is used, the i 2m solution may also
be expressed as

i 2m = 2A2m cot I0

m

l = 1

( ¡ 1)l L2l
2m(1 ¡ cos 2l a ) (47)

where the coef� cients L j
i are given by

L j
i =

(i ¡ j )!

(i + j )!
P j

i (0)P j
i (cos I0 ) (48)

When Eq. (47) is used in Eq. (39), the equation for the ascending
node perturbationbecomes

o 0
2m = 2A2m

cot I0

sin I0

m

l = 1

( ¡ 1)l2l L2l
2m

sin a sin 2l a

cos a
(49)

This equation can be integrated using the relation

( ¡ 1)l cos(2l + 1) a

cos a
= 1 + 2

l

k = 1

( ¡ 1)k cos2k a (50)

to give the o2m solution:

o2m = ¡ 2A2m
cot I0

sin I0

m

l = 1

2l L2l
2m a + ( ¡ 1)l K 2l

2m sin 2l a (51)

where the notation of K 2l
2m is de� ned by

K 2l
2m = L2l

2m + 2
m

k = l + 1

2k

2l
L2k

2m (52)

Equation (41) becomes

s 0 0
2m

a
+

s2m

a
= (2m ¡ 1)A2m L0

2m + 2
m

l = 1

( ¡ 1)l L2l
2m cos2l a (53)

and integrates to yield
s2m

a
= ¡ e cos( a ¡ a P ) + (2m ¡ 1)A2m

£ L0
2m + 2

m

l = 1

( ¡ 1)l

1 ¡ (2l )2
L2l

2m cos2l a (54)
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where e and a P are integration constants. By substituting these so-
lutions into Eq. (38) and integrating, we � nd

²2m = ¡ o2m cos I0 + 2e[sin( a ¡ a P ) + sin a P ]

¡ A2m (4m ¡ 1)L0
2m a + 2

m

l = 1

( ¡ 1)l

2l

£ 1 +
2(2m ¡ 1)

1 ¡ (2l )2
L2l

2m sin 2l a (55)

There is a seculardrift in this result,whichwe havealreadyidenti� ed
with the nodal period nN . The contributionof the J2m term to j can
be identi� ed as the coef� cient of a in Eq. (55). We can similarly
de� ne the contribution to the other secular terms in our solution. If
we denote these contributionsby a subscript of 2m, then

%2m = (2m ¡ 1)A2m L0
2m

" 2m = ¡ 2A2m
cot I0

sin I0

m

l = 1

2l L2l
2m

j 2m = ¡ " 2m cos I0 ¡ (4m ¡ 1)A2m L0
2m (56)

There are no long-period variations arising from the even zonal
harmonics; hence,

v 2m = 0 (57)

and the short-periodicperturbationsdue to J2m are

D r2m =
m

l = 1

D r l
2m cos 2l a , D I2m =

m

l = 1

D I l
2m (1 ¡ cos2l a )

D X 2m =
m

l = 1

D X l
2m sin 2l a , D k 2m =

m

l = 1

D k l
2m sin 2l a (58)

where

D r l
2m = 2(2m ¡ 1)A2m

( ¡ 1)l

1 ¡ (2l )2
L2l

2ma

D I l
2m = 2A2m( ¡ 1)l cot I0L2l

2m

D X l
2m = ¡ 2A2m ( ¡ 1)l cot I0

sin I0
K 2l

2m

D k l
2m = ¡ D X l

2m cos I0 ¡ 2A2m
( ¡ 1)l

2l
1 +

2(2m ¡ 1)
1 ¡ (2l )2

L2l
2m

(59)

Solutions for the Odd Zonal Harmonics
We next consider the perturbation correction terms due to the

odd zonal harmonics and replace m by 2m + 1. The procedure for
determining the perturbationsto the inclinationand ascendingnode
is the same as in the preceding section. They are found to be

i 2m + 1 = ¡ 2A2m + 1 cot I0

m

l = 0

( ¡ 1)l L2l + 1
2m + 1 sin(2l + 1) a

o2m + 1 = ¡ 2A2m + 1
cot I0

sin I0

m

l = 0

( ¡ 1)l K 2l + 1
2m + 1[1 ¡ cos(2l + 1) a ] (60)

where

K 2l + 1
2m + 1 = L2l + 1

2m + 1 + 2
m

k = l + 1

2k + 1

2l + 1
L2k + 1

2m + 1 (61)

Our choice for the constant d 2m + 1 follows from using Eq. (60) in
Eq. (43), which yields

d 2m + 1 = ¡ A2m + 1 P2m + 1(0) = 0 (62)

We next consider the radial equation for s2m + 1,

s 0 0
2m + 1

a
+

s2m + 1

a
= 4m A2m +1

m

l = 0

L2l + 1
2m + 1( ¡ 1)l sin(2l + 1) a (63)

Unlike the even zonal case, the right-hand side of this equationcon-
tains terms in sin a . This leads to solutions of the form a cos a ,
which does not properly re� ect the long-period nature of the solu-
tion. It adequately describes only the initial part of the long-period
variation. We can see that the solutions are long periodic by noting
that this equation is linked with the perturbation to the argument
of latitude. Both these terms should then vary with the nodal fre-
quency nN rather than n itself. If we let b = (1 + j ) a , then the
coupled equations for the perturbed position of the satellite on the
plane become

s 0 0
2m + 1 /a + s2m + 1 / a = K0 sin b

2s2m + 1 / a + ²0
2m + 1 = K1 sin b (64)

where

K0 = 4m A2m + 1 L1
2m + 1

K1 = ¡ 2A2m + 1 L1
2m + 1 ¡ K 1

2m + 1 cot2 I0 (65)

We can integrate directly the � rst of these equations, and ignoring
the complementaryfunction (which is just the epicycle term already
accountedfor) and ensuring the periodicperturbation in ²2m + 1 van-
ishes at a = 0 gives:

s2m + 1 = ¡ (K0 /2 j )a sin b

²2m + 1 = (K0 / j + K1)(1 ¡ cos b ) (66)

These equationscontain ( J2m ) terms in the denominatorfor which
reason we are keeping b in these terms. Note that for other terms
whose coef� cients are ( J2m + 1 ) (without the j denominator) we
can use both a and b angles. In principal we can keep all of these
terms, but in practice we only ever need to consider the J2 term:

j 2 = A2 ¡ 3L0
2 + 4 cot2 I0L2

2 = 3
4

A2 4 ¡ 5 sin2 I0 (67)

This result is adequate except at the critical inclination where
sin2 I = 4

5
. For satellite orbits with inclinations in this vicinity, j 4

and higher terms may need to be considered. The rest of the terms
in the s2m + 1 and ²2m + 1 equations are similarly integrated as in the
preceding section. Omitting the epicycle terms, we formulate the
s2m + 1 and ²2m + 1 solutions as follows:

s2m + 1 = a v 2m + 1 sin b + D r2m + 1

²2m + 1 = ¡ 2 v 2m + 1(1 ¡ cos b ) + D k 2m + 1
(68)

where the long-period terms are given by

v 2m + 1 = ¡ (2m A2m + 1 / j 2 )L1
2m + 1 (69)

and we have replaced j by j 2 . Notice that our v term [Eq. (69)]
gives exactly the same result as Cook introduced.4

The short-periodic terms then take the form

D r2m + 1 =
m

l = 1

D r l
2m + 1 sin(2l + 1) a

D I2m + 1 =
m

l = 0

D I l
2m + 1 sin(2l + 1) a

D X 2m + 1 =
m

l = 0

D X l
2m + 1[1 ¡ cos(2l + 1) a ]

D k 2m + 1 =
m

l = 0

D k l
2m + 1[1 ¡ cos(2l + 1) a ] (70)
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where:

D r l
2m + 1 = 4m A2m + 1

( ¡ 1)l

1 ¡ (2l + 1)2
L2l + 1

2m + 1a

D I l
2m + 1 = ¡ 2A2m + 1( ¡ 1)l cot I0L2l + 1

2m + 1

D X l
2m + 1 = ¡ 2A2m + 1( ¡ 1)l cot I0

sin I0
K 2l + 1

2m + 1

D k 0
2m + 1 = ¡ D X 0

2m + 1 cos I0 ¡ 2A2m + 1L1
2m + 1

D k l
2m + 1 = ¡ D X l

2m + 1 cos I0

¡ 2A2m + 1
( ¡ 1)l

2l + 1
1 +

4m

1 ¡ (2l + 1)2
L2l + 1

2m + 1 (71)

We note that in Eq. (70) each sum starts from l = 0 except for the
radial equation, where it starts from l = 1. There are no secular
effects arising from the odd zonal harmonics; hence,

%2m + 1 = " 2m + 1 = j 2m + 1 = 0 (72)

V. Postepicycle Description of Keplerian Motion
Recalling the discussion in Sec. II, now we consider the second-

order effects of a slightly eccentric orbit. Assume r = a + s + ss

and k = a + ² + ²s , where notations of xs are the second-order
(postepicyclic) corrections and the � rst-order corrections of s and
² have been given by Eq. (7). Using the relation d = 2s / a + ²0 = 0,
which comes from our de� nition of the mean semimajor axis, we
can expand Eqs. (1) to second order:

s 0 0
s

a
+

ss

a
¡ 2

2ss

a
+ ²0

s = ¡ 5
s

a

2

+
1
2

(²0 )2

d

dt

2ss

a
+ ² 0

s ¡
s

a

2

¡
1

2
(²0 )2 = 0 (73)

The second of Eqs. (73) can directly be integrated to give

d s = 2ss / a + ²0
s ¡ (s /a)2 ¡ 1

2 (²0 )2 (74)

where d s is the second-order constant of integration. Using this d s

constant, the orbital energy can be written as

= ¡ ( l /2a) 1 ¡ 2d s + 3(s / a)2 ¡ (s 0 /a)2 ¡ (²0 )2

= ¡ ( l / 2a) 1 ¡ 2d s ¡ e2 (75)

Therefore,we can choose d s to be ¡ e2 / 2 to leave the orbital energy
unchanged.This effectivelydeterminesour choice of a. We can now
derive the postepicycle terms by solving Eqs. (73) to obtain

ss / a = 1
2
e2[1 ¡ cos(2 a ¡ 2 a P )]

²s = 5
4
e2[sin(2 a ¡ 2 a P ) + sin2 a P ] (76)

We can formulate the postepicyclic expression of a near circular
orbit such that

r = a ¡ ae cos( a ¡ a P ) + 1
2
ae2[1 ¡ cos(2a ¡ 2 a P )]

k = a + 2e[sin( a ¡ a P ) + sin a P ]

+ 5
4
e2[sin(2a ¡ 2 a P ) + sin 2 a P ] (77)

VI. J2 Second-Order Expansion
Using the J2 � rst-order solutions, we can expand the J2 pertur-

bation solution up to second order. We have to approximate the
equations of motion, including the J2 potential, by taking account
of second-order effects. Assume

r = a + s2 + s2s , I = I0 + i 2 + i 2s

X = X 0 + o2 + o2s , k = a + ²2 + ²2s (78)

where the notations of x2s represent ( J 2
2 ) corrections. The � rst-

order corrections x2 are obtained by

s2 = ¡ ae cos( a ¡ a P ) + a%2 + D r 1
2 cos 2a

i 2 = D I 1
2 (1 ¡ cos 2a ), o2 = " 2 a + D X 1

2 sin 2 a

²2 = 2e[sin( a ¡ a P ) + sin a P ] + j 2 a + D k 1
2 sin 2 a (79)

where all coef� cients are introduced in Appendix A.

J2 Second-Order Equation
We now expand the fourth of Eqs. (36) up to second order. Simi-

larly we can de� ne a J 2
2 -order constant d 2s such that Hz = a2n(1 +

d 2 + d 2s ) cos I0, and then d 2s is given by

d 2s = 2s2s /a ¡ i 2s tan I0 + ² 0
2s + o 0

2s cos I0 + (2s2 / a

¡ i 2 tan I0 )(d 2 + i 2 tan I0 ) ¡ o 0
2 i 2 sin I0 ¡ i 2

2 2 ¡ 3(s2 / a)2 (80)

We also note the following equality for the � rst-order d 2 constant:

d 2 + i 2 tan I0 + A2 P2(sin I0 sin a ) = 0 (81)

and which may frequently be used to arrange some results in-
troduced in this section.We introduce notations of z = sin I0 sin a
and D z = i 2 cos I0 sin a + ²2 sin I0 cos a , then sin I sin k is approxi-
mated by z + D z, and the Legendre functions can be expanded by

P2(sin I sin k ) = P2(z) +
dP2(z)

dz
D z + ( D z2)

dP2(sin I sin k )
d(sin I sin k )

=
dP2(z)

dz
+

d2 P2(z)
dz2

D z + ( D z2 ) (82)

The second and third of Eqs. (36) are expanded to second order by

i 0
2s = A2 cos I0 cos a (y2 + ²2 tan a )

dP2(z)
dz

¡
d2 P2(z)

dz2
D z

o 0
2s = A2 cot I0 sin a (y2 + i 2 cot I0

¡ ²2 cot a )
dP2(z)

dz
¡

d2 P2(z)

dz2
D z

y2 = d 2 +
3s2

a
+ 2i 2 tan I0 (83)

Finally, the � rst of Eqs. (36) becomes

s 0 0
2s

a
+

s2s

a
= 2

s 0
2

a

2

¡
s2

a

2

¡ A2
4s2

a
P2(z) ¡

dP2(z)

dz
D z

(84)

The orbital energy is also expanded to second order and yields

= ¡ ( l /2a)(1 ¡ e ) (85)

where

e = 2d 2s + 2i 2s tan I0 +
s 0

2

a

2

+
s2

a

2

+ (d 2 + 2i 2 tan I0 )2

+ 1 ¡ tan2 I0 i 2
2 ¡ 2A2

s2

a
P2(z) ¡

dP2(z)

dz
D z (86)

From our de� nition of the semimajor axis, e must vanish.Therefore,
by eliminating d 2s + i 2s tan I0 from e = 0 and Eq. (80), we obtain the
²2s equation as follows:

(²2s + o2s cos I0 ) 0 = ¡
2s2s

a
+

5

2

s 0
2

a

2

¡
1

2

s2

a

2

+ o 0
2 i 2 sin I0

+ A2
3s2

a
P2(z) ¡

1

2
A2{P2(z)}2 ¡

dP2(z)

dz
D z (87)
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Once o2s and s2s have been found by solving Eqs. (83) and (84), the
� nal unknown ²2s can be solved for using Eq. (87).

J2 Second-Order Solution
Substitutingthe J2 � rst-order solutionsinto Eqs. (83), we can � rst

integrate to obtain the i 2s and o2s solutions. We use the following
expressions to derive these solutions:

dP2(z)

dz
=

8L2
2

sin I0
sin a ,

d2 P2(z)

dz2
=

8L2
2

sin2 I0

(88)

The i 2s correction is found by direct integration,

i 2s = i 2s( a ) ¡ i 2s(0)

i 2s( a ) = D I 1
2s cos2 a + D I 2

2s cos 4 a ¡ 4A2 L2
2 cot I0 j 2 a sin 2a

+ e 2 sin a P sin 2a + 1
2

cos( a + a P ) ¡ 7
6

cos(3 a ¡ a P )

(89)

where the J 2
2 coef� cients are

D I 1
2s = 2A2

2 L2
2 cot I0 L0

2 + 2 1 ¡ 3 cot2 I0 L2
2

D I 2
2s = ¡ 1

3
A2

2 L2
2

2
cot I0 8 + 3 cot2 I0 (90)

By combining j 2 a sin 2a and (J2e) terms in Eq. (89) with the J2

� rst-order inclination solution (47), we can rearrange the i 2 and i 2s

solutions such that

i 2 = D I 1
2 (1 ¡ cos 2 c )

i 2s( a ) = i 2e( a ) + D I 1
2s cos 2a + D I 2

2s cos4 a

i 2e( a ) = 3
8

A2e sin 2I0 cos( a + a P ) + 1
3 cos(3a ¡ a P ) (91)

where the notation x2e represents the (J2e) solution and the c
angle is de� ned by

c = (1 + j 2 ) a + 2e[sin( a ¡ a P ) + sin a P ] (92)

Similarly, we can derive the o2s solution, which is

o2s = o2s( a ) ¡ o2s(0)

o2s ( a ) = ( " 2 j 2 + " 2s ) a + D X 1
2s sin 2a + D X 2

2s sin 4a

+ 4A2 L2
2(cot I0 / sin I0) j 2 a cos 2 a + e 2 sin a P cos 2a

¡ 3 sin( a ¡ a P ) ¡ 1
2 sin( a + a P ) + 7

6 sin(3 a ¡ a P ) (93)

and the J 2
2 coef� cients are as follows:

" 2s = ¡ 4
3

A2
2L2

2(cot I0 / sin I0 ) 3L0
2 + 2 8 ¡ 9 cot2 I0 L2

2

D X 1
2s = 2A2

2(cot I0 / sin I0 ) L0
2 + 4 2 ¡ cot2 I0 L2

2

D X 2
2s = ¡ 2

3
A2

2 L2
2

2
(cot I0 / sin I0 ) 4 + 3 cot2 I0 (94)

Again we can modify the J2 � rst-order ascending node o2 and
the second-order o2s solutions by combining with terms of " 2 j 2 a ,
j 2 a cos2 a , and (J2e), which appear in Eq. (93) to derive

o2 = " 2(1 + j 2) a + D X 1
2 sin2 c

o2s ( a ) = " 2s a + o2e( a ) + D X 1
2s sin 2a + D X 2

2s sin 4a

o2e( a ) = ¡ 3
4

A2e cos I0 6 sin( a ¡ a P )

¡ sin( a + a P ) ¡ 1
3 sin(3 a ¡ a P ) (95)

The radial equation (84) is rearranged to

s 0 0
2s /a + s2s / a = 1

2
e2[1 + 3 cos(2 a ¡ 2 a P )] + %2s + c2 cos 2 a

+ c4 cos 4a + 4A2 L2
2 j 2 a sin 2 a + 2e sin a P sin 2a

¡ 4
3 cos(3a ¡ a P ) (96)

where

%2s = ¡ 2A2
2 L0

2

2
+ 1

9 13 ¡ 72 cot2 I0 L2
2

2

c2 = ¡ 8
3

A2
2L2

2 3L0
2 ¡ 14L2

2 cot2 I0

c4 = 10
3

A2
2 L2

2

2
(97)

Notice that there are no sin( a § a P ) or cos( a § a P ) terms in
Eq. (96). By substituting the i 2s and o2s solutions into Eq. (87),
and neglecting all terms except those containing a § a P , we have

s 0 0
2s / a + s2s / a = 0

2s2s / a + ² 0
2s = K21 cos( a ¡ a P ) + K22 cos( a + a P ) (98)

where

K21 = ¡ 4A2e 2L0
2 ¡ 3L2

2 cot2 I0 = e(%2 + 3 j 2 )

K22 = ¡ 2A2eL2
2 1 ¡ cot2 I0 (99)

If we eliminate s2s /a in Eqs. (98) and integrate, we have

¡ (2s 0
2s / a) + ²2s = K21 sin( a ¡ a P ) + K22 sin( a + a P ) + C (100)

where C is a constant of integration. By differentiating the second
of Eqs. (98) and adding to Eq. (100), we obtain

² 0 0
2s + ²2s = C (101)

Therefore, the � rst of Eqs. (98) and (101) claim that the
K21 cos( a ¡ a P ) + K22 cos( a + a P ) term can be considered to be
the combination of the general solutions of two oscillators in s2s

and ²2s . The integration constant C can be chosen so that ²2s = 0
when a = 0. Before conveniently allocating these terms to the s2s

and ²2s equations, we solve Eq. (96) � rst. The special solution of
Eq. (96) is

s2s / a = 1
2
e2[1 ¡ cos(2 a ¡ 2 a P )] + %2s + D r 1

2s cos2 a

+ D r 2
2s cos 4a ¡ 4

3
A2L2

2{j 2 sin 2 a

+ e[2 sin a P sin 2a ¡ cos(3a ¡ a P )]} (102)

where two coef� cients for the short-periodic term are given by

D r 1
2s = ¡ c2 / 3, D r 2

2s = ¡ c4 /15 (103)

Note that the � rst term in Eq. (102) is the second-order correction
term for the original postepicycle equations.We shall allocate gen-
eral solutions in Eq. (98) such that

2s2s / a = ¡ 8
3

A2eL2
2 cos( a + a P )

² 0
2s = (%2 + 3j 2)e cos( a ¡ a P )

+ 2
3

A2eL2
2 1 + 3 cot2 I0 cos( a + a P ) (104)

For the s2s solution in Eq. (104), this term is necessary to complete
the conversion from cos 2 a to cos 2c in the original J2 � rst-order r
solution (as we did for the i 2s and o2s solutions).

Combining the general solution (104) and the last term of the
s2s solution (102) with the J2 � rst-order solution, we obtain the
modi� ed s2 and s2s solution, which is given by

s2 = ¡ ae cos( a ¡ a P ) + a%2 + D r 1
2 cos2 c

s2s = 1
2
ae2[1 ¡ cos(2a ¡ 2a P )] + a%2s

+ D r 1
2s cos 2a + D r 2

2s cos 4a (105)

Substituting all of the � rst- and second-order solutions we have
derived into Eq. (87) and integrating it, we complete the solution
for the last parameter ²2s , which is given by
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²2s = ²2s( a ) ¡ ²2s (0)

²2s( a ) = 5
4
e2 sin(2 a ¡ 2 a P ) + j 2s a + D k 1

2s sin 2 a + D k 2
2s sin 4a

+ (%2 + 3 j 2 )e sin( a ¡ a P ) + 2
3

A2 L2
2 j 2 1 ¡ 6 cot2 I0

£ a cos 2a ¡ e 2 1 ¡ 6 cot2 I0 cos 2a ¡ 1 + 3 cot2 I0

£ sin( a + a P ) ¡ 1 ¡ 7 cot2 I0 sin(3 a ¡ a P ) (106)

where

j 2s = A2
2 9 L0

2

2 ¡ 8L0
2L2

2 cot2 I0

¡ 4
3

7 ¡ 61 cot2 I0 + 6 cot4 I0 L2
2

2

D k 1
2s = ¡ A2

2L2
2 1 + 2 cot2 I0 L0

2 + 4
9 cot2 I0 47 ¡ 18 cot2 I0 L2

2

D k 2
2s = ¡ 1

9
A2

2 L2
2

2
2 ¡ 33 cot2 I0 ¡ 18 cot4 I0 (107)

Again, the � rst term of ²2s( a ) in Eq. (106) describesthepostepicycle
correction to the orbit. Like other solutions, adding j 2 a cos 2a and

( J2e) terms to the � rst-order solution, we can modify the ²2 as
well as ²2s solution such that

²2 = 2e[sin( a ¡ a P ) + sin a P ] + j 2 a + k 1
2 sin 2c

²2s( a ) = 5
4
e2 sin(2 a ¡ 2 a P ) + j 2s a + ²2e( a )

+ D k 1
2s sin 2a + D k 2

2s sin 4 a

²2e( a ) = (%2 + 3 j 2 )e sin( a ¡ a P ) ¡ 1
4

A2e 3 ¡ 5 sin2 I0

£ sin( a + a P ) + cos2 I0 sin(3a ¡ a P ) (108)

We provide explicit expressions for these (J 2
2 ) postepicyclecoef-

� cients in Appendix B.

VII. Results
In this section we shall demonstrate the accuracyover time of the

model we have presented and show that we can accurately estimate

Fig. 1 Peak positional error in along, cross track, and radial direction during 5000 orbits propagation (normalized by semimajor axis) as a function
of inclination angle (degree); zero epicycle amplitude is chosen.

osculating orbital elements over a period of around 5000 orbits for
a typical low-Earth-orbitingsatellite.

The simulation we shall present compares the epicycle descrip-
tion of the orbit using terms up to and including J4. The analytic
description is then compared with the output of a sophisticated or-
bit modeler based on a second-orderBulirsch–Stoer integrator (see
Ref. 13). This integration method provides high levels of orbital
accuracy, as well as very short integration times.

We de� ne our starting conditions in terms of the position and
velocityof the satellite at some initial epoch t = 0. The computation
of the epicycle parameters from the position and velocity is very
straightforward.The osculatingorbital plane is de� ned as the plane
containing the position and velocity vector, and once this plane
has been de� ned we can immediately determine the inclination I0

and right ascension of the ascending node X 0 . These angles just
de� ne the orbitalplanewith respectto the inertialcoordinatesystem.
From the satellite’s positionand velocitywe can compute the orbital
energy, keeping in all of the relevant terms in the geopotential (in
our case up to and including J4). The semimajor axis a is then
determined directly from this energy.

All that remains for the epicycle description of the orbit are the
epicycle amplitude A and epicycle phase at perigee a P . These ap-
peared as constants of integration in our radial equation. Because
everything else is known, through the initial conditions of radial
position of the satellite r0 and the radial velocity r 0

0 , we can deter-
mine the remaining unknowns. This completes the set of epicycle
parameters that we require.

We have chosen a low Earth orbit with a semimajor axis of
7223 km, for example, 845-km orbital altitude. The numerically
integrated orbit and the analytic orbit are both propagated for 360
days (which correspondsto more than 5000 orbits) to determine the
magnitude of errors.

In Fig. 1, we have plotted the peak positional error in terms of
along, cross, and radial directionsduring 360 days propagationas a
function of inclination angle. We have chosen null epicycle ampli-
tude, for example, A = 0, to obtain the result. The error plotted is
normalized by the semimajor axis. It appears to give worse along-
track error as the inclination angle goes smaller. This result shows,
however, the dominant along-track peak errors are (10 ¡ 4) for all
inclinations. If we consider 5000 orbit propagation time, for exam-
ple, epicycle phase a reaches more than 3 £ 104 rad, this order of
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along-track error indicates that the error in semimajor axis, D a / a,
is (10 ¡ 8 ) » (10 ¡ 9).

The peak positional error as a function of (normalized) epicycle
amplitude is presented in Fig. 2, where the inclinationangle is � xed
to be 98 deg to obtain the result. The plot shows that it seems to
have a minimum at A /a( ´ e) = 1.5 £ 10 ¡ 3 and that the error is
getting signi� cant as the epicycle amplitude becomes larger. If we
do the same simulation by altering the inclination 10 deg, the peak
along-trackerror reaches 2.6 £ 10 ¡ 3 at e = 5 £ 10 ¡ 3 corresponding

Fig. 2 Peak positional error in along, cross track, and radial direction during 5000 orbits propagation (normalized by semimajor axis) as a function
of normalized epicycle amplitude A/a (or eccentricity); inclination angle is 98 deg.

Fig. 3 Error in along track direction (normalized by semimajor axis) as a function of propagation time (orbit); normalized epicycle amplitude A/a
(or eccentricity) is 10¡ 3 and inclination angle is 98 deg.

to the error in semimajor axis of D a /a ¼ 5.5 £ 10 ¡ 8. We expect,
however, such results because we have imposed the assumption of

(e) ¼ (J2) to derive epicycle formulas and how the ordering
scheme of perturbation terms are arranged. If we set e = 10 ¡ 2, one
order larger than J2 , then no matter what the inclination is, we get
the result that shows the error in semimajor axis D a / a can go up
to (10 ¡ 7 ).

In Fig. 3, the history of along-track propagation errors with re-
spect to time is presented. We have used the values of 10 ¡ 3 for e
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and 98 deg for the inclination. We can see the secular drift error
in the result; however, this magnitude of secular error after 5000
orbits propagation can be due to the error in semimajor axis D a /a
of (10 ¡ 9 ). Because we are not modeling the perturbation terms
of J2e2, J 3

2 , and J2 J4, which are all (10 ¡ 9 ), the result we have
obtained in Fig. 3 is quite satisfactory.

VIII. Conclusion
We have presented the solution for the perturbed motion of a

satellite in a near-circular orbit about an oblate planet. Our formu-
lation differs from that used in classical papers in that we avoid the
de� nition of a mean orbital plane and mean elements. We do de� ne
a mean orbital radius, about which we expand, but this is easily
de� ned in terms of the orbital energy, which is conserved by the
motion of the satellite. The formulation we have presented is valid
for orbital eccentricities of comparable order to J2 or smaller and
leads to a very simple geometric interpretation. The effects due to
short-period,long-period,and secular variationsare all separated in
the perturbed equations, and the generalmotion can be described in
compact form.

The position of the satellite is described by two osculating ele-
ments that de� ne the instantaneousorbital plane (the plane contain-
ing the position and velocity vectors) and polar coordinates (r, k )
on the orbital plane, where k is the argument of latitude measured
from the initial ascending node. This representation is redundant,
becauseit requiresfour coordinatesto locate the satellite,but greatly
simpli� es the descriptionof the motion. The use of the argument of
latitude allows time to be easily described in terms of our epicycle
phase, rather than needing to solveKepler’s equation,and combines
the variation in the mean motion and the argument of perigee into a
single angular position for the satellite.

We have compared the predictions of these analytic equations
with numerical simulations including J2, J3 , and J4 terms. We have
shown that the errors in the semimajor axis of the satellite is of order

(10 ¡ 9) » (10 ¡ 8 ), which is to be expectedwhen neglectingterms
such as J 3

2 or J2 J4 . We have shown that the growth in positionerrors
over a period of 5000 orbits is still acceptably small. This makes the
formulation suitable for onboard orbit determination on a satellite,
where the epicycle parameters can be estimated each day.

Appendix A: Epicycle Coef� cients
We provide here the nonzero coef� cients for the dominant terms

in the epicycle equations J2, J3 , and J4 .
The J2 coef� cients for the secular terms are

%2 = ¡ 1
4

J2(R /a)2 2 ¡ 3 sin2 I0 , " 2 = ¡ 3
2

J2(R / a)2 cos I0

j 2 = 3
4

J2(R /a)2 4 ¡ 5 sin2 I0 (A1)

and for short-periodic terms are

D r 1
2 = 1

4
J2(R /a)2a sin2 I0, D I 1

2 = ¡ 3
8

J2(R /a)2 sin 2I0

D X 1
2 = 3

4
J2(R /a)2 cos I0

D k 1
2 = ¡ 1

8
J2(R /a)2 6 ¡ 7 sin2 I0 (A2)

The J3 coef� cients for the long-periodic terms using only J2 in
j 2 are

v 3 = (J3 /2J2 )(R / a) sin I0 (A3)

and short-periodicterms are

D I 0
3 = ¡ 3

8
J3(R /a)3 cos I0 4 ¡ 5 sin2 I0

D X 0
3 = 3

8
J3(R /a)3 cot I0 4 ¡ 15 sin2 I0

D k 0
3 = 3

8
J3(R / a)3 sin I0 4 ¡ 5 sin2 I0

¡ 4 ¡ 15 sin2 I0 cot2 I0 (A4)

and

D r 1
3 = 5

32
J3(R /a)3a sin3 I0, D I 1

3 = 5
8

J3(R /a)3 cos I0 sin2 I0

D X 1
3 = 5

8
J3(R / a)3 cot I0 sin2 I0

D k 1
3 = ¡ 5

48
J3(R /a)3 sin I0 6 ¡ 7 sin2 I0 (A5)

The J4 coef� cients for the secular terms are

%4 = 9
64

J4(R /a)4 8 ¡ 40 sin2 I0 + 35 sin4 I0

" 4 = 15
16

J4(R /a)4 cos I0 4 ¡ 7 sin2 I0

j 4 = ¡ 3
64

J4(R / a)4 136 ¡ 500 sin2 I0 + 385 sin4 I0 (A6)

and for short-periodic terms are

D r 1
4 = ¡ 5

16
J4(R /a)4a sin2 I0 6 ¡ 7 sin2 I0

D I 1
4 = 5

32
J4(R /a)4 sin 2I0 6 ¡ 7 sin2 I0

D X 1
4 = ¡ 5

8
J4(R /a)4 cos I0 3 ¡ 7 sin2 I0

D k 1
4 = 5

32
J4(R /a)4 12 ¡ 34 sin2 I0 + 21 sin4 I0 (A7)

D r 2
4 = ¡ 7

64
J4(R / a)4a sin4 I0

D I 2
4 = 35

128
J4(R / a)4 sin2I0 sin2 I0

D X 2
4 = ¡ 35

64
J4(R / a)4 cos I0 sin2 I0

D k 2
4 = 7

256
J4(R / a)4 sin2 I0 20 ¡ 23 sin2 I0 (A8)

We note that the expression for the drift in epicycle phase j 4 in
Eqs. (A6) doesnot appearto agreewith otherpublishedformulations
of secular perturbation in argument of perigee, for example, Ref. 1.
The reason for this apparent disagreement arises from the different
de� nitions of mean orbital radius that appear in the literature. In
Eq. (16), we have shown our mean motion n is related to n̄0 , which
is the averaged mean motion around the orbit. The J4 contribution
to this relation is, therefore, n = n̄0(1 ¡ %4 ). If we reformulate our
j 4n term by using n̄0, we � nd

j 4n = ( j 4 ¡ %4 )n̄0 = ¡ 15
32

J4(R / a)4 16 ¡ 62 sin2 I0 + 49 sin4 I0 n̄0

(A9)

which agrees with Kozai1 if terms of (J4e2 ) are ignored.

Appendix B: Postepicycle Coef� cients
We provide here the nonzero J 2

2 coef� cients in the postepicycle
equations.

Secular terms:

%2s = ¡ 1
32

J 2
2 (R / a)4 16 + 24 sin2 I0 ¡ 49 sin4 I0

" 2s = 3
8

J 2
2 (R / a)4 cos I0 11 ¡ 20 sin2 I0

j 2s = 3
16

J 2
2 (R /a)4 14 + 17 sin2 I0 ¡ 35 sin4 I0 (B1)

J 2
2 2 a -short-periodic terms:

D r 1
2s = ¡ 1

4
J 2

2 (R /a)4a sin2 I0 9 ¡ 10 sin2 I0

D I 1
2s = 3

32
J 2

2 (R /a)4 sin 2I0 11 ¡ 15 sin2 I0

D X 1
2s = ¡ 3

16
J 2

2 (R /a)4 cos I0 8 ¡ 21 sin2 I0

D k 1
2s = 1

32
J 2

2 (R / a)4 48 ¡ 190 sin2 I0 + 139 sin4 I0 (B2)
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J 2
2 4 a -short-periodic terms:

D r 2
2s = ¡ 1

32
J 2

2 (R / a)4a sin4 I0

D I 2
2s = 3

128
J 2

2 (R /a)4 sin 2I0 3 + 5 sin2 I0

D X 2
2s = ¡ 3

32
J 2

2 (R /a)4 cos I0 3 + sin2 I0

D k 2
2s = 1

64
J 2

2 (R / a)4 18 ¡ 3 sin2 I0 ¡ 17 sin4 I0 (B3)

Note again J2 second-order secular coef� cients, may differ from
otherpublishedresults.This is, however,due to the differentmethod
of averaging the orbital elements. Considering the ascending node
coef� cient " 2s in Eqs. (B1), we introduce the notation

ā0 = a(1 ¡ 2%2), i0 = I0 ¡ 3
8
J2(R / a)2 sin 2I0 (B4)

where ā0 is the averaged semimajor axis used by Kozai.1 This he
relates to an averaged mean motion n̄0 = n(1 + 3%2), which satis-
� es ā3

0 n̄2
0 = l . The second of Eqs. (B4) represents the relationship

betweenKozai’s de� nitionof initial inclinationand ours. If we com-
bine the � rst- and second-orderexpressionsfor the secularevolution
in ascendingnode, expressed in terms of these osculatingquantities,
we � nd

ÇX / n = ¡ 3
2

J2(R / ā0)2 cos i0 ¡ 3
8

J 2
2 (R / ā0 )4 cos i0 9 ¡ 10 sin2 i0

(B5)

which agrees with Kozai1 if terms of (J2e2 , J 2
2 e2) are ignored.
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